UNITARY GROUPS AND SPECTRAL SETS 

DORIN ERVIN DUTKAY AND PALLE E.T. JORGENSEN 

Abstract. We study spectral theory for bounded Borel subsets of R and in particular finite unions of 
intervals. For Hilbert space, we take L 2 of the union of the intervals. This yields a boundary value problem 
arising from the minimal operator D = with domain consisting of C°° functions vanishing at the 

cndpoints. We offer a detailed interplay between geometric configurations of unions of intervals and a 
spectral theory for the corresponding selfadjoint extensions of D and for the associated unitary groups of 
local translations. While motivated by scattering theory and quantum graphs, our present focus is on 
the Fuglede-spectral pair problem. Stated more generally, this problem asks for a determination of those 
bounded Borel sets f! in M fe such that L 2 (f2) has an orthogonal basis of Fourier frequencies (spectrum), i.e., 
a total set of orthogonal complex exponentials restricted to f!. In the general case, we characterize Borel sets 
Q. having this spectral property in terms of a unitary representation of (K, +) acting by local translations. 
The case of k = 1 is of special interest, hence the interval-configurations. We give a characterization of those 
geometric interval-configurations which allow Fourier spectra directly in terms of the selfadjoint extensions 
of the minimal operator D . This allows for a direct and explicit interplay between geometry and spectra. 
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1. Introduction 



In this paper we study a classification problem (SAE) for selfadjoint extensions of Hermitian operators 
in Hilbert space, with dense domain and finite deficiency indices (n, n). While this question has many 
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ramifications, we will focus here on a restricted family of extension operators. We begin with a justification 
for the restricted focus. 

Unbounded operators. It turns out that this problem arises in a number of instances which on the 
face of it appear quite different, but turn out to be unitarily equivalent. While we have in mind models for 
scattering of waves on a disconnected obstacle, and quantum mechanical transition probabilities, it will be 
convenient for us to select the version of problem (SAE) where H = L 2 (Vt) and Vt is a bounded open subset 
of the real line R with a finite number of components, i.e., is a finite union of open disjoint intervals. 
We consider D :— 2^7^ corresponding to vanishing boundary conditions (the minimal operator). Then the 
deficiency indices are (n,n) when n is the number of components in Q. In a different context, mathematical 
physics, the minimal operator was considered in |j0r81| . 

Let H be a complex Hilbert space with inner product (• , ■) = (■ , -) H . Let T> C H be a dense subspace in 
%. A linear operator L defined on T> is said to be symmetric (or Hermitian) iff 

(Lf , g) = (f , Lg) for all /, g e V. 

In this case, the adjoint operator L* is defined on a subspace domain(L*) containing T> and L C L* , where 
"c" refers to containment of graphs. 

If the dimensions of the two eigenspaces {f± G domain(i*) : L* f± = ±if±} are equal (called the deficiency 
indices ) then L has self-adjoint extensions. Every self-adjoint extension A of L must satisfy L C A C L* 
and any such A will be a restriction of L* . 

In section 3, we offer a geometric model for the study of finite deficiency indices (n, n). While this work is 
directly related to recent work |JPT12c| IJPT12d( IJPT12a] . our present focus is different, as are our themes. 
To make our present paper reasonably self-contained, it will be convenient for us to include here (section 
3) some basic lemmas needed in the proof of our main theorems. When n (the number of intervals in CI) 
is fixed, the set of all selfadjoint extensions of D is in bijective correspondence with the group U n of all 
complex unitary n x n matrices. Moreover we include in Proposition 13.141 an explicit formula for our U n 
correspondence for the problem (SAE), expressed directly in terms of the In interval-endpoints constituting 
the boundary of CI. It is an action by elements in the conformal group U(n,n). 

One motivation for our study is a spectral theoretic question (conjecture) raised first in a paper by Fuglede 
|Fug74| . We refer to |Fug74| and [JP96] for details, but, in summary, the question is whether the existence 
of a Fourier basis in L 2 (f2) is equivalent to the set f2 possibly tiling M fc by a set of translation vectors. Here 
the question addresses any dimension k, and for any Borel set f2 of finite positive Lebesgue measure. If there 
is a subset A in K fc such that the complex A exponentials form an orthogonal basis in L 2 (f2) we say that 
(fi, A) is a spectral pair, and we say that the set f2 is spectral. 

There are a number of reasons for restricting to a one-dimensional model. 

In application to the Lax-Phillips model for scattering of acoustic waves on a bounded and disconnected 
obstacle in R fc , k > 1 (see e.g., jPWW87] ), the present case of one dimension will then represent a wave 
motion in a single direction in R fc . In the Lax-Phillips model for obstacle scattering, time-evolution of waves 
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is represented by a unitary one-parameter group of operators acting on an associated energy Hilbert space 
H. 

Scattering theory. Below we outline briefly two reasons why our results about intervals are relevant 
to Lax-Phillips scattering theory LP89 . Recall that Lax-Phillips scattering theory deals with scattering 
of acoustic waves around solid obstacles in R fc , i.e., the solution to some wave equation, represented in a 
Hilbert space, and the study of wave solutions in the complement of a compact obstacle, e.g., for the wave 
equation in an exterior domain. This study of the exterior of a bounded obstacle in turn is divided into the 
case of a connected obstacle, vs the case of disconnected ones. The latter is more subtle because it yields 
intriguing configurations of bound-states, i.e., the trapping of waves in the bounded connected components 
in the complement obstacle: in mathematical language, eigenvectors and eigenvalues. Now working directly 
in R k and in components in the complement of a bounded obstacle is typically difficult, both in the theory 
and in applications. One way around this difficulty goes via hyperplane segments in the obstacle, e.g., the use 
of a suitable Radon transform [Helllj . But rather, our present approach is to study instead waves traveling 
along varying linear directions in M. k . These directions in turn are specified by lines passing through the 
obstacles. 

With disconnected obstacles in R fc , the linear intersections will then be the union of a number of bounded 
intervals. Using a second fact from Lax-Phillips scattering theory |LP89| . we note that the solutions to 
the acoustic wave equations may be represented by a strongly continuous unitary one-parameter group, say 
U(t) acting on an energy Hilbert space. But Lax and Phillips |LP89j show that this group U(t) may be 
taken to be unitarily equivalent to a translation representation. Hence, for each of the one-dimensional 
linear directions, we get an equivalent translation group generated by a selfadjoint operator arising in a one- 
dimensional boundary value problem; and hence we are led to selfadjoint extensions of a minimal derivative 
2^7 in some linear set f2 that is the union of a finite number of disjoint open intervals. Note that f2 will 
vary with the choice of different linear directions through some fixed disconnected obstacle. 

Starting with one fixed such set fi, we study the question of selfadjoint extensions. While our motivation 
derives from the problem of spectral pairs, the problem is of independent interest in scattering theory. And 
even in the study of possible spectral sets fi, one must consider the variety of all selfadjoint extensions, 
although only a few of these extensions, if any, yield spectral pairs. If some f2 is spectral, we show that as 
the spectrum part A in a corresponding spectral pair, one may take for A the spectrum of some selfadjoint 
extension. Only with hindsight one realizes that in fact "most" selfadjoint extensions are not spectral. 
Identifying those that are is a subtle problem. 

Spectral pairs. Our main results are in sections 2 through 4, and we give an application in section 
5. Some highpoints: In Theorem 12.21 we show that every spectral pair (f2,A), with a bounded Borcl 
set of positive Lebesgue measure, has a group of local translations. In Theorem 12.121 we apply this to the 
case when Q has a spectrum with period p, where p is a fixed positive integer. In Sections 3 and 4 we 
turn to the cases when O is assumed a union of a finite number of non-overlapping intervals. We introduce 
determinant-bundles, and we use them in Theorem 13. 151 in order to classify the spectral types of selfadjoint 
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extensions. This, and our local translation groups, are applied, in turn, in proving our results on spectral 
correspondence: In Theorem 14.91 and Corollary 14. 101 we offer a classification for the case when the spectrum 
has period p; and in Theorems 14.131 and 14.141 we further study the correspondence between two sets making 
up a spectral pair. 

We view the approach to spectral pairs via selfadjoint extensions as a tool for generating spectra. In fact, 
in the literature, so far there are rather few analytic and constructive tools available helping one produce 
spectral pairs. We present an analysis of selfadjoint extension as one such tool. Our purpose is to develop 
these selfadjoint extensions, refine them, and apply this to the spectral pair question. But these other 
applications to scattering theory are of general interest in mathematical physics. 

As for spectral pairs, we find that that among all the selfadjoint extensions only a very small subset is 
spectral. And of course, for many cases of a linear set SI, this (spectral) subset may be empty. But even if 
some SI is not spectral, we have a detailed geometric configuration of selfadjoint extensions with associated 
spectra. We also study these, their nature and geometry. 

Now, Fuglede's conjecture is known to be negative when the dimension k is 3 or more [Tao04 ( KM06 , but 
the cases of k = 1 and k = 2 are still open. But in the plane (k = 2) the partial derivatives corresponding to 
zero boundary conditions for a fixed open planar SI are known to have deficiency indices (oo, oo). Moreover 
the geometric issues involved for the two cases k = 1 and k — 2 are quite different, and we thus focus here 
on k = 1. 

We prove in section 3 the following theorem: Given a finite number n > 1 of components in some fixed Q, 
and a pair, consisting of a matrix B and 2n boundary points; i.e., given B in U n , and 2n interval endpoints 
(the boundary of SI), by passing to the corresponding selfadjoint extension Ab in L 2 (S1) we get a spectral pair 
(SI, spectrum(ylB)) if and only the matrix B has a certain factorization in terms of two unitary matrices, one 
formed from the left-hand side interval endpoints, and the other from the right-hand side interval endpoints. 

There is a recent substantial prior literature on orthogonal Fourier exponentials and spectral duality, see 
for example |Fug74[ iDJOQl IDHL09I iDJOSl ID.T07al ID.T07bl IJP981 IJP961 UPM ILS921 HP981 IIKTOII ITao04l 
IKM061 IBJTTI IJPT12al IJPT12bj . 



Definition 1.1. For A € 1, we denote by e x (t) = e 27riAt , tel. A Borel subset fi of finite Lebes gue measure 

is said to be spectral if there is a set A in R such that the family of exponential functions < * e\ : A G A > 

^ v 1^1 J 

is an orthonormal basis for L 2 (S1). In this case, A is called a spectrum for SI and (SI, A) is called a spectral 
pair. 

| SI | indicates the Lebesgue measure of SX 

A finite Borel measure /X on R is called spectral if there exists a set A in R such that {eA : A € A} is an 
orthogonal basis for L 2 ([i). We call A a spectrum for \x. 

A finite set A in R is spectral if the atomic measure tjt J2 a eA ^ a 1S s P ec t rai - 

A Borel subset SI of R tiles R by translations if there exists a subset T of R such that (SI + £)tgK forms a 
partition of R, up to Lebesgue measure zero. 
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In section 2, we turn to the study of general spectral subsets f2 of the line, i.e., R fe for k = 1. In Theorem 
12.21 we prove that if some set fl is a first part in a spectral pair then there is a canonically associated unitary 
one-parameter group U(t) consisting of local translations in L 2 (Sl). If is further assumed open, then this 
becomes a statement about the infinitesimal generator of U(t) as a selfadjoint extension of the minimal 
operator for VL. 

Section 2 contains a number of additional detailed results. We highlight the following: in Theorem 12. 121 
for the general case of linear spectral sets Q, we offer a geometric representation of the associated unitary 
one-parameter group U(t) of local translations in L 2 (il): We show that this one-parameter group U(t) is 
unitarily equivalent to an induced representation of (R, +) in the sense of Mackey |Mac62j . 

In section 3, we turn to a detailed analysis of the set of all self-adjoint extensions of the minimal operator 
for a fixed bounded open linear set f2 written as a union of a finite number of components, see Definition 13. II 
We show in Theorem 13.71 that selfadjoint extensions of the minimal operator D correspond to unitary n x n 
matrices B. This follows the same pattern as the ones in |JPT12cl IJPT12dl IJPT12a] . but here the intervals 
are all finite. In addition, in Proposition 13.121 we describe the reproducing kernel Hilbert space structure 
for the graph-inner product and offer formulas for the kernel functions. In Theorem 13.151 we describe the 
spectral decomposition of the self adjoint extensions in terms of the unitary matrix B. 

Section 4 deals with spectral sets which are finite unions of intervals. In Theorem 14. II we show that some 
finite union of intervals f2 in K is spectral if and only if there is a strongly continuous unitary one-parameter 
group U(t) acting in the Hilbert space L 2 (Q) by pointwise translation inside i7, i.e., sending points x in Q, 
to x + 1 whenever both are in il. This extends, in dimension one, results from |Fug74| IPed87] (the results 
due to Fuglede and Pedersen are formulated in terms of the "integrability property" for Q, which is similar 
to our local translation property but the translations are made only with small enough numbers; also the 
equivalence between the spectral property and the integrability property is true only for connected sets). 

In Theorem 14.41 and Corollary 14. 5[ for a given fi, assumed spectral, we characterize those selfadjoint 
extensions of the minimal operator which correspond to spectral pairs (f2, A) and moreover, we give a 
formula for the corresponding spectrum A. Our Theorems 14.91 14.131 and 14.141 together offer a geometric 
properties of spectral sets fi. 

Finally in section 5, as an illustrating example, we specialize to the case when Q is the disjoint union of 
two disjoint open intervals. While this may appear overly specialized, we stress that it is of significance in 
the above mentioned applications to Lax-Phillips scattering theory. Part of these results can be found in 
[LabOll IJPT12d] , but we include here more detailed description including one for the associated groups of 
local translations. 



2. General spectral subsets il of R 

In this section we study the case of spectral pairs (fi, A) for bounded Borel subsets of R; a key ingredient is a 
result from |BM11||IK12) that the spectrum A has a finite period. But first we show that the spectral property 
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implies the existence of a certain unitary group of local translations and we give a detailed description of 
this unitary group and various equivalent forms. 

Definition 2.1. Let f! be a bounded Borel subset of K. A unitary group of local translations on 51 is a 
strongly continuous one parameter unitary group U(t) on L 2 (51) with the property that for any / € L 2 (51) 
and any t € M, 

(2.1) (U(t)f)(x) = f(x + t) for a.e x e 51 n (51 - i) 

If 51 is spectral with spectrum A, we define the Fourier transform T : L 2 (fl) — > / 2 (A) 

(2 - 2) "-(('^L' ,/£i2(n)) - 

We define the unitary group of local translations associated to A by 

(2.3) U A (t) = F- x U K {t)F where U A {t)(a x ) = {e 2mXt a x ), ((o A ) G / 2 (A). 

Theorem 2.2. Let Q be a bounded Borel subset o/R. Assume that 51 is spectral with spectrum A. Let U\ 
be the associated unitary group as in Definition \2. 1[ Then U := U\ is a unitary group of local translations. 

Proof. We will show that (ED holds. First note that U{t)e x = e 2mXt e x for A G A and t e K. So for t G K 
and x G 51 H (0 — i) we have 

(J7(t)e A )(a;) = e 2 ^* e 27 ™ Ax = e a«*(*+t) = e ^ x + ^ 

hence (|2.1[) holds everywhere for e A . 

Let / s L 2 (fl) Since the set {e A : A G A} is an orthogonal basis for L 2 (51), we can approximate / in L 2 (fl) 
by a sequence of functions f n which are finite linear combinations of the functions e A , A G A. By passing to 
a subsequence we can also assume that f n (x) converges to f(x) for x € 0\ £ where F has Lebesgue measure 
zero. Since £/(£) is unitary, we have that U(t)f n converges to U(t)f, and again by passing to a subsequence 
we can assume that (U(t)f n )(x) converges to (U(t)f)(x) for x G fi\ F where F has Lebesgue measure zero. 

The set E U (E — t) has Lebesgue measure zero. Take x € (fin(fl-t))\(£U(£-t)U F). We have 
/n(a;) /(a) and / n (x + i) -> /(a; + t). Also 

(tf(t)/n)(z) = /»(* + «)-> /(a + t) 

At the same time (U(t)f n )(x) converges to (U(t)f)(x). Thus we have (U(t)f)(x) — f(x + t) for x e 
(51 n (51 - t)) \ (E U (F - t) U F). 

□ 



Our next goal is to give a more precise description of the group of local translations associated to a 
spectrum. One of the main ingredients that we will use is the fact that any spectrum is periodic (see 
[BM111HK12] ). 
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Definition 2.3. If f2, is spectral then any spectrum A is periodic with some period p ^ 0, i.e., A + p = A, 
and p is an integer multiple of ™-. We call p a period for A. If p = ^0}- with k(p) G N, then A has the form 

(2.4) A = {\ ,...,\ k(p) _ 1 }+pZ, 

with A , . . • , A fe(p )_i G [0,p), see [BMTT | ILK12] . The reason that there are k(p) elements of A in the interval 
[0,p) can be seen also from the fact that the Beurling density of a spectrum A has to be |f2|, see |Lan67j . 

Remark 2.4. According to [IK 12] , if f2 has Lebesgue measure 1 and is spectral with spectrum A, with 

G A, then A is periodic, the period p is an integer and A has the form 

(2.5) A = {A =0,Ai,...,A p _i}+pZ, 

where A^ in [0,p) are some distinct real numbers. 

We recall a few lemmas and propositions (see |DJ12a) and the references therein) that exploit the peri- 
odicity of the spectrum to give some information about the structure of Q. 

Proposition 2.5. If Q = U£ =1 (ct!j, ft), a% < ft < ct2 < ft < ■ • • < o„ < ft, is spectral, p G N and 
ctii ft G p-Z for alii = 1, . . . , n, then any spectrum A for VL has p as a period. 

Corollary 2.6. If Cl = U^ =1 (aj, ft), a\ < ft < cti < ft < • • • < a„ < ft, is spectral and on, ft G Z /or 

1 = 1, . . . , n and if a spectrum A has period y^y then k divides |f2|. 

Proposition 2.7. Let Q be a bounded Borel set of measure 1. Assume that is spectral with spectrum A, 
G A. which has period p. Then is a p -tile of R by ^Z -translations, i.e., for almost every x G R, i/iere 
exisi exactly p integers j\, . . . ,j p such that x is in Q + ^ , i — 1, . . . ,p. 

Also, for a.e. x in tt, there are exactly k integers ji, . . . ,j p such that x + ^ is in Q for all i — 1, . . . ,p. 

Definition 2.8. For ip G L°°(R), dehne the multiplication operator M(ip) on L 2 (M.) by M(ip)f = iff, 

f G L 2 {n). 

Lemma 2.9. Let be a bounded Borel set of measure 1. Assume that f2 is spectral with spectrum A, G A 
which has period p. Let P{pL) be the orthogonal projection in L 2 (fl) onto the closed subspace spanned by 
{e kp :ke1}. Then, for f G L 2 (fl), 

(2.6) (P( P Z)f)(x) = - Y, f (x + -) , for a.e. x G fi. 

(We define f to be zero outside ) 

Proposition 2.10. Let Q be a bounded Borel set of measure 1. Assume that Q is spectral with spectrum A, 
which has period p and assume G A. Let A = {Ao = 0, Ai, . . . , A p _i} + pZ with Xi G [0,p), i = 0, . . . ,p— 1. 
Then the projection P(Aj + pZ) onto the span of {e\ i+ kp ■ k G Z} has the following formula: for f G L 2 (fl), 

(2.7) (P(Xi+ P Z)f)(x) =e Xi (x)-J2f ( x+l ) ( x + l )' f° ra - e - xefl - 

P j eZ \ P J V V J 
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Proposition 2.11. Let A = {Ao = 0, Ai, . . . , Xk(p)-i} + P^ be as in Proposition [KT^ For x £ R, let 

Q x = {j £ Z : x + ^ € O}. Then \£L X \ — p for a.e. x £ K and, /or i, i' = 0, . . . ,p — 1: 



(2.8) 



In other words , the set {Ao, . . . , A p _i} is spectral and, for a.e. x £ R, -fi-c is a spectrum for it. 

The next theorem exploits the structure of the spectral set fi described in the previous statements, to 
explain the form of the group of local translations. 

Theorem 2.12. Let Q be a bounded Borel subset o/R with — 1. Let peN. Suppose Q p-tiles R by |Z. 
Then, for a.e. x £ R the set 

(2.9) 

has exactly p elements 

(2.10) n x = {k {x) < ki(x) <■■■< k p -i{x)}. 

For almost every i£l there exist unique y £ [0, ~) and i £ {0, . . . , p — 1} such that y + = x. 
The functions ki have the following property 



k£Z: x+-£Q 
P 



(2.11) 



ki(x + -) = h(x) - l, (iel,j = o,...,{)-i), 
p 



Consider the space of --periodic vector valued functions L 2 ([0, -), C p ). The operator W : L 2 (f2) 



L 2 ([0,i),CP) de/med &</ 



(2.12) 



(Wf)(x) = 



/(. 



fcp(a:) 



fc p _;iO) 



, (xe[0,-),/el 2 (!l)), 



is an isometric isomorphism with inverse 
( fo \ 



(2.13) 



k(v) 1 
(x) = fi(y), ifx = y+^±, with y£ [0,-),*€{0,...,p-l}. 

p p 



^4 set A of i/ie /orm A = {0 = Ao, Ai, . . . , A p _i} + p"E is a spectrum for Q if and only if {Ao, . . . , A p _i} is 
a spectrum for for a.e. x £ [0, 

The exponential functions are mapped by W as follows: 

( ex^) \ 



(2.14) (We Xt +n P )(x) = e Xt+ n P (x) 



=■■ Fi, n (x), (i = 0,...,p- l,n e Z,x e [0, -)). 

P 
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For x inM. define the p x p unitary matrix Ai x which has column vectors 

/ \ 1 / M{x) ,ki(x) k p -x(x) t . 

Vi{x) := — (e Ai ( ),e Aj ( ),...,e Ai ( )) , i = 0,...,p- 1. 

V 7 ? P P P 

.Lei /7a &e fie group of local translations on fl associated to a spectrum A. Consider the one-parameter 

unitary group U p on L 2 ([0, - ), C p ) defined by 



(2.15) 



1, 



(U p (t)F)(x) = M x M* x+t F(x + t), (i.teK.Fe L 2 ([0, -), C p )) 



Then W intertwines U\ and IA P 
(2.16) 



WU A (t) = U p {t)W. 



Proof. The first statement follows from the fact that 51 p-tiles K by ^Z. The second statement follows from 
this and the fact that [0, |) tiles R by |Z. 

To check that W and W~ x 7 as defined, are inverse to each other requires just a simple computation. We 
verify that W is isometric. 

For a subset S of Z with |5| = p define 

:= {x S [0, -) : n x = 5}. 
P 

Note that, since f2 is bounded, As = for all but finitely many sets S. Also we have the following partition 

of n. 

|J (A s + -5) = 0. 



\S\=p 



Take / € L 2 (fJ). We have 



Wff 



L 2 ([0 i),i>) 



i p-i 



fcj (x) 



«fc=E A E 



p-1 



fcj(x) 



rf.7' 



= E/ E/ -+ £ i/wi 2 «fa= / i/(-)i 2 ^- 

|fif|= P - /A s.6S V P/ is^pses^+f Ja 

Equation p.!4[) requires just a simple computation. 

If A is a spectrum for fi, then we saw in Proposition 12.111 that -Cl x has spectrum {Aq, . . . , A p _i} for a.e. 



x £ 



For the converse, if {Aq, . . . , A p _i} is a spectrum for a.e. x £ [0, -), then for a.e. x £ [0, -),the vectors 



Vi(x) = -^=(e A< ( to ^ ), . , . ,e\ i ( Kp -^ x > ))* ; i = 0,...,p — 1, form an orthonormal basis for C p . Then the 
functions Fj i7J in p. 141) form an orthonormal basis for L 2 ([0, i),C p ) as can be seen by a short computation. 
To see that the functions F i n span the entire Hilbcrt space, take H in L 2 ([0, i), C p ) such that H _L F i n for 
alii = 0,...,p- 1, n £ Z. Then 



- fc p _i(a;) 



= / e Ai+ „ p (ir) (if (a;) , Vi(x)) CP dx. 
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Since the functions e np are complete in L 2 [0, ~) it follows that ex^x) (H(x) , Vi(x)) Cp = for a.c. x 6 [0, ~). 
So (H(x) , Vi(x)) = for a.e. x € [0, ±) and all i = 0, . . . ,p - 1. Then iT(a;) = for a.e. a; € [0, |). 
Next, we check that U p is well defined, so the function in (|2.15[) is i-periodic. We have 

1 ( r k i( x +p)^\ _ 1 r h(x)-l 



M x+ i = — e Xj (— £1) = — e A . (-^ ) 

x+ p Vp\ P J ■ ■ n , VP V P 

therefore Ai x+ i — A4 X D\(^)* , where D x (^) is the diagonal matrix with entries 
We have, for x,t € R, F € L 2 {[0, ±),C P ): 

M x+ ±M* +t+ xF(x + t + k= M x D x ^)*D x ^-)M x+t F{x + t) = M x M* x+t F(x + t). 

The fact that the matrices M x and M x +t are unitary implies that U p (t) is unitary. 
To obtain (|2.16|) . it is enough to verify it on the basis e Xi + np and that is equivalent to: 

(2.17) U p (t)F i , n = e Xi+np (t)F i , n , (i = p-l,n6Z). 

Note first that M* x Vi(x) = Si for all x € R, i = 0, . . . ,p — 1. We have 

(l4p(t)F i>n )(x) = M x M* x+t F hn (x + t) = -Jpe Xi+np (x + t)M x M* x+t v t {x + t) = ^e Xi+np {x + t)M x 8i 

= y/pe Xi+np (t)e Xi+np (x)Vi(x) = e Xi+np (t)F i>n (x). 



□ 



In the next two propositions we give some equivalent representations of the group of local translations, 
one involving the usual translation in R and the second involving induced representations in the sense of 
Mackey. 

Proposition 2.13. Let O be a bounded Borel subset ofM. with |f2| — 1. Assume that f2 has a spectrum A 
with period p £ N and 

A = {A o = 0,A 1 ,...,A p _i}+pZ. 

Identify L 2 [0, i] (with the normalized Lebesgue measure), with —periodic L 2 -functions. Define the projections 
P(Xi + pZ) as in (|2.7|) . but for all x € R. Define the operator 

(2.18) W :L 2 (n)^L 2 [0,-}®---(BL 2 [0,-}, Wf = (e_ A< P(A; +pZ)/) i=1 , ..., p , (/ei 2 (Sl)). 

V v ' 

p times 

Then W is an isometric isomorphism with the following properties: 
(i) for all i = 0, . . . ,p — 1, k G Z, 

(2.19) We Xi+pk = (0,...,0, e pk ,0,...,0) 

i-th position 



UNITARY GROUPS AND SPECTRAL SETS 11 

(ii) Let Pi be the projection onto the i-th component in L 2 [0, i] • • • ® L 2 [0, Then 

(2.20) WP{\ t +pZ)W* = P h i = l,...,p 

(iii) Let U\ be the local translation group associated to A. Let T t be the translation operator on L 2 [0, i], 

(2.21) (T t f)(x) = f(x + t), (x,teR). 

Then Ua commutes with the projections P(Xi + pZ), i = 0, . . . ,p — 1 and, for igl, 



(2.22) 



WU A (t)W* = 



e Xo (t)T t 
e Xl (t)T t 



e Xp _,{t)T t 



Proof. We check (i). Since P(Xi + pZ)e\ j+p k = 5ije\ j+p k, (|2.19[) follows. Since A is a spectrum, this implies 
that W maps an orthonormal basis to an orthonormal basis, so it is an isometric isomorphism. 

(ii) can be checked on the basis e\ i+p k, i = 0, ...,p— 1, fc G Z. For (iii), we have U^^ex^pk — 
e \ i (t) e pk(t)e\ i +pk and T t e p k — e p k(t)e p k- This implies (|2.22p and the fact that Ua commutes with the 
projections P(Xi + pZ). 

□ 

Proposition 2.14. Let O be a bounded Borel subset o/ R with |f2| = 1. Assume that f2 has a spectrum A 
with period p€ N and 

A = {A o = 0,A 1 ,...,A p _i}+pZ. 

Let Ua be the one-parameter group of local translations associated to A. 

Let T be a unitary matrix with eigenvalues eA (^), • ■ • , e X p -i (^)- Consider the induced representation from 
Z to R: let Ht be the Hilbert space: 

(2.23) Ht ■= j/ : R^ C p : / measurable , Jj ||/(o;)|||p dx < oo,f(x+ i) = T/(x) /or a.e. ar G r| , 
wif/i inner product 

(2.24) (/ , 5 ) Kt - p /"* (/(x) , g(x)) Cv dx. 

Jo 

Define the one-parameter group of unitary transformations 

(2.25) (U T (t)f)(x)=f(x + t) (t,xeSL,f eH T ). 

Then there exists a isometric isomorphism from L 2 (Q) onto Wt that intertwines Ua and Ut, i-c, 

(2.26) WU A {t) = U T {t)W, (t G R). 
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Proof. Let A be a p x p unitary matrix that diagonalizes T, i.e., A~ 1 TA is the diagonal matrix with entries 
e A)c (±). Let v k = {A ,k, ■ ■ ., A p _ 1)fe )' be the column vectors of A, k = 0, .. . ,p- 1. Note that Tv k = e Afc (|)i>fc 
and {v k } form an orthonormal basis for <C P . 
Define 

(2.27) F k , n (x) = e Xk+np {x)v k , (x £ R, k = 0, . . . ,p - 1, n £ Z). 

We check that F^, n is in For every 

-Ffc,n(a; + -) = e Xk+np {x + ^)v k = e\ k+np {x)e\ k {^)vk = e\ k+np {x)Tv k = TFk, n (x). 

Thus, F k , n £ Ht- 

We prove that {F k ^ n } is an orthonormal basis for Ht- We have 



(F k , n , Fi t7n ) UT = pi (v k , vi) Cp ex k+ „p{x)e\ l+mp (x) dx = S k ip / e np (x)e mp (x) dx = 6 k i6 mn . 
Jo Jo 

So {F k ^n} are orthonormal in Ht- We prove that they are complete. Let H £ Ht such that H _L F k>n 
for all k = 0, . . . ,p - 1, n £ Z. Then 

= (i? , F k ,n) n = P I (H(x) , e Afc (x)v k ) CP e np (x) dx. 
Jo 

Then, since e np form an ONB in L 2 [0, ~] we get that (H(x) , e Afc (x)vfc) CP = for a.e. a; € [0, -]. 
But, note that 

H(x+ -) , e Afc (a; + -)v k \ = (TH(x) , Te Afe (a;)w fc ) CP = (i?(x) , e Afc (ir>fc) CP , 
P P / c p 

so the function a; H (H(x) , e A( ,(x)ufc) Cp is ^-periodic. Therefore (H(x) , e Afc (x)v k ) Cp — for a.e. iel. 

Since {v k } form an ONB in C p , we get that -ff (a;) = for a.e. x £ ML Thus {F k ^ n } is complete. 

Define W from L 2 (ft) onto H T by W^(e Afc+np ) = F k , n for all = 0, . . . ,p - 1, n G Z. Then W extends 
linearly to an isometric isomorphism. 

We have, for x £ R, t G R, fc = 0, . . . ,p - 1, n G Z: 

(W-T/ A (i)e Afc+ „p)(x) = (VK(e Afc+ „ p (f)e Afc+ „p))(a;) = e Afc+ „ p (t)F fc! „(a;) = e Afc+np (t)e Afc+ „ p (a;)u fc 

= e Afc+ „ p (a; + i)u fc = F k , n (x +t) = (U T (t)Fk, n )(x) = (U T (t)Wex k+np )(x). 
This implies ([2~2"B)) . □ 

3. Self- adjoint extensions of ^i-^- 

Z7TI dX 

In what follows we will restrict our attention to the case when f2 is a finite union of intervals. When 
such a union is spectral, the group of local translations has as infinitesimal generator an extension of the 
differential operator ^7 ■ 

Let f2 be a bounded open subset in K fe of finite positive Lebesgue measure. In the general case of |Fug74| , 
one deals with the partial derivative operators defined on the common dense domain Cq° in L 2 (ft). We will 
refer to these as the minimal operators. 
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If the dimension k = 1, the minimal operator will be denoted D, or D m j n when the emphasis is needed. 
While the general framework for our analysis is the interplay between operator theoretic and spectral theoretic 
questions for commuting selfadjoint extension operators, we will make two restrictions here: one is k = 1, 
and the other is that we assume fi is a finite union of connected components (intervals). In this case D m ; n 
has von Neumann deficiency indices (n, n) where n is the number of intervals. If k > 1, each of the minimal 
operators have deficiency indices (oo,oo). 

Our first result for the case when is a finite union of n components, i.e., n open intervals, is Theorem l3.7l 
we spell out a bijective correspondence between the set of all selfadjoint extensions of the minimal operator 
on the one hand, and on the other, elements in the group U n of all unitary n x n complex matrices. Given a 
selfadjoint extension A, the corresponding n x n B in U n is acting between the boundary values computed 
for functions in the domain of A. We will say that B is the associated boundary matrix. 

While this correspondence was also discussed in |JPT12c| IJPT12dl IJPT12a] . we have included the details 
here in a more complete form, as they will be needed. Moreover, our present treatment (see Proposition 
13. 14[) includes explicit and constructive rules for the correspondence in both directions. 

Definition 3.1. Let 

71 

Q = M j ft) where — oo < a.\ < ft < &2 < ft < ■ • • < «» < ft. < °o- 

i=l 

So 

n 

0, = \^j Ji where Jj = (aj, ft) for alH € {1, . . . , n}. 

«=i 

On il we consider the Lebesgue measure dx. We denote by dVt the boundary of f2, 

ffl = Kft:j6{l,...,n}}. 
For a function / on d£l we use the notation 

P n 

/ / = E(W -/(«*))■ 

Jon i=1 

Consider the subspace of infinitely differentiable compactly supported functions C^°(f2). We define the 
differential operator D on C£°(Q): 

D/ = ^-/', (/ecr(n)) 

Define also the subspace 

T>o(p,) := {/ : O — > C : / is absolutely continuous on each J i; f(ai+) — /(ft—) = for all i and /' G L 2 (fi) } . 
Proposition 3.2. The operator D zs symmetric. The adjoint D* /ias domain 

(3.1) 2?max := domain(D*) = {/ : O — > C : / is absolutely continuous on each interval Ji, f G L 2 (f2)} 
anc! 

(3.2) D* f — — — t/' /or / G domain(D*). 

27TJ 
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The operator D on C£°(f2) has a closed extension to T>q(Q,) and, for f in T>q(Q,), we also have Df — ■ 
The adjoint of the operator is the same as described above. The adjoint of D* is 



( 3 - 3 ) ( D lc~(n)J = D lx) (o) = D *lx> (n)- 

Proof. Let / e C^°(fi) and 5 <G domain(D*). Then (D/ , g) = (f , D*g) which means that 

1- Jj\x)g{x)dx = J f{x)Wg~{x)dx. 

Define y(x) = D*g(t) dt for all x £ Ji, i € {1, ... , n}. Then <p is absolutely continuous and <p'(a;) = D*g(x) 
for a.e. Then, using an integration by parts we have 

— / f'{x)g{x)dx = { f{x)ip'(x)dx = [ fTp-[ f'{x)Tp{x)dx = - [ f'{x)Tp{x) dx, 
ni Jn Jn Jon Jn Jn 



2m 

since f\ d n = 0. 
Then 



/. 

Jn 



f'{x) ( ~^-.g{x) + fix) ) dx = for all / e C c °°(0). 



This means that the function ip — ^g is orthogonal to the range of the operator D. 

Next, we find the orthogonal complement of the range of D. Note that if / G C£°(fi) then f\gn = 
and f(x) = f'{t)dt for all x G Ji, which implies that J^' f'{x)dx = f(fii) = 0. This means that every 
function which is constant on each interval Ji is orthogonal to the range of D. 

Conversely, let g G L 2 (Q) be orthogonal to the range of D. Fix i G {1, . . . , n}. If / is in C^°(Ji) and 
Ja* f( x ) = 0, then define ip(x) — 2m' f{t) dt for x G Ji, zero otherwise. Then, ip G C£°(fi) and Dip = f . 
So the range of D contains all functions in C£°(Jj) with f(x) dx = 0. Any function / G L 2 (£l) which is 
supported on Jj and with f(t) dt = can be approximated in L 2 (fl) by a sequence functions f n in C£°(Jj) 
with /n(i) dt — and these are in the range of D. Then, we have that (^g , / — ^ j*_ a J"^' /(i) di^ = for 
any / G L 2 (f2) which is supported on Jj. Therefore 

/ 9{x)f(x) dx = — ^ f g(x) dx ■ [ f(x) dx 

Jn Pi — a i Jn Jn 

and this implies that g — ^.^ a . J a ' g(x) dx is orthogonal to all / G L 2 (Q) which are supported on Jj. This 
proves that g = p.^_ a . g(x) dx a.e. on Ji. Thus g is constant on each interval Ji. 

Returning to our computation of domain(D*) we obtain that <p — ^g is constant on each Ji. But then 
g is absolutely continuous on each Ji and ^g' = ip' = D*g a.e. on SI. 

Conversely, if g is absolutely continuous on the intervals Ji and g' G L 2 {VL) then the integration by parts 
used above shows that (Df , g) = (/ , ^g'), so g G domain(D*) and D*g — -^-.g' '. 

Next, we prove that the operator D on T>o(Sl) is closed. Take /„ in T>o(SY) which converges to some / in 
L 2 (f2) and such that f' n converges to g in L 2 (Sl). Define <p(x) = g(t) dt = {g , X{ai,x)) f° r x € J- Then 
for all x G ft, ip(x) is the limit of (/„ , X(a it x)) = /«(*) = /"W _ /n(c*i+) = /n(a;)- Since /„ converges 



UNITARY GROUPS AND SPECTRAL SETS 15 

to / in L 2 (VL) we get that / = ip a.e. on f2. This implies that / is absolutely continuous and f = <p' = g 
a.e. on O. Since cp(oti+) = it follows that /(a,+) = 0. We also have 

/(&-) = tp(Pi-) = / g(t) dt = lim / f' n (t) dt = Um(/„(ft-) - /(<*+)) = 0. 

To prove that the adjoint of D ._. is as before, the same arguments can be used. Since A = D ._. is 
closed, A** = A |Con901 Corollary 1.8, page 305]. 

□ 

Definition 3.3. The deficiency spaces are defined by 

C+ = kcr(D* - il) = ran(D + il)^, £_ = ker(D* + il) = ran(D - il) 1 - . 
The deficiency indices of D are n± = dim C± . 
Proposition 3.4. Define the numbers 



47T / 47T 



T/ie functions {"it e~ 2lTt XJi (t) '■ i G {Ij---! 71 }} /orm an orthonormal basis for £ + and the functions 
{7^e 2,rt xj i (t) : i G {1, ...,n}} /orm an orthonormal basis for £-. Therefore the deficiency indices are 
both equal to n, n+ = n- = n. 

Every function f in 2? max can be written uniquely as 

n n 

fit) = Mt) + Y, c * e ~ 27Tt xjM + Y, d * e27rt xJ^> ( f e n ) 

i=l i=l 

/or some /o G Dq(O), c,, rfj € C , i G {1, . . . , n}. 

Proof. We have / G £+ iff / is absolutely continuous with /' G L 2 (Q) and i/' = if on f2. Solving the 
differential equation on each interval J^, we obtain that / must be of the form 

n 

f(t) = J2 c i e ~ M xjM, (ten) 

i=l 

for some constants Cj G C. The functions e~ 2vt XJi(t) are obviously orthogonal and their L 2 -norms are 
computed to be 1/7^. This implies the first statement for £ + and C- can be analyzed similarly. 

The last statement follows from the general theory (see [DS88 _): any element / in the domain of D* can 
be written as / = fo + /+ + /- with / in the domain of the closed symmetric operator D^™, /+ in £ + 
and /_ in C- . It can be proved also directly, by arranging the constants Cj and di so that the values at the 
endpoints 014 and are matched. □ 



Theorem 3.5. For every self-adjoint extension A of D| Coo ^ there exist a unique unitary W from £ + to 
C- such that A is the restriction of D* _ to 

(3.4) T>w — {/ + /+ + Wf+ : / G V (Q),f + G £+} . 
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to T>w is a self-adjoint extension 



Conversely, for any unitary W from C+ onto C- the restriction of D 

°/ D lc~(f2)- 



Proof. Since the closure of D| coc ^ is the closed symmetric operator D^^, any self-adjoint extension of 
the first operator will be an extension of the latter. Then, the rest follows from [Con90, Theorem 2.17 page 
321, Theorem 2.20 page 320]. □ 



Definition 3.6. For a function / in X> max we define the vectors 



/(«) 



( /M \ 

/M 

V /K) J 



fifi) 



( m) \ 

\ /(ft*) J 



Theorem 3.7. For every self-adjoint extension A of Dj^,^ ,„ there exist a unique n x n unitary matrix B 
such that A is the restriction of to 

(3.5) 



V B := {/ G Anax : Bf(a) = f(0)} 



Conversely for any unitary matrix B, the restriction of D 



to T>b is a self-adjoint extension of D 



c~(n)- 



Proof. Before we prove the theorem we recall some definitions, see |DS88[ Definition 20 page 1234, Definition 
25 page 1235]. 

Definition 3.8. A boundary value for the operator D is a continuous linear functional on the Hilbert space 
f max with the graph inner product 

(/ - 5)graph = {f,9) + (D/ , D 9 ) , (/) g G Anax), 

which vanishes on T>q. If ip is a boundary value for D then the equation f(f) = is called a boundary 
condition. A set of boundary conditions tpi(f) = 0, % = 1, . . . , k, is said to be linearly independent if the 
boundary values <pi, . . . , (fk are linearly independent. A set of boundary conditions fi(f) = 0, i = 1, . . . , k, 
is said to be symmetric if, for f,g G 2? max , the equations ifi(f) = tpi(g) = 0, i = 1, . . . , k imply the equation 



(3.6) 

We start with a lemma. 



(D*f,g) = (f, D*g) 



Lemma 3.9. The linear Junctionals f i— > f(on), f i— > f{Pi), i = 1, . . . ,n, f € 2? max , are linearly independent 
boundary values and span the space of boundary values. 

Proof. First we have to make sure these functions are well defined, i.e., /(ccj) and /(ft) are well defined. 
Since / is absolutely continuous, it is also uniformly continuous, therefore lim a; ^ ai f{x) exists and defines 
f{pii). Similarly for ft. 



UNITARY GROUPS AND SPECTRAL SETS 17 

Let /„ G 2?max, fn ~ ► f £ 22 max in the graph inner product. This means that /„ — > / and f — > f in 
L 2 (fl). Then for x € J,, 

(3.7) /„(x) - /„(ai) = / /^(x) = (f' n , X(a it x)) -> (/' , X(«i,x)) = /0) - /(«»)■ 

Assume that f n {cx-i) does not converge to /(a^). Taking a subsequence, we can assume that f n (ai) is 
bounded away from f(ai). Since /„ — > / in L 2 (Q) we can extract a subsequence which is convergent 
pointwise a.e. to /. Then take a point x where this convergence holds and plug it in (|3.7[) . It follows 
that a subsequence of / n (oij) converges to /(oij). The contradiction implies that / n (oij) converges to /(c^). 
Similarly for ft. So these functionals are continuous w.r.t the graph inner product. Obviously, they vanish 
on 2?o- 

To see that these boundary values are independent, we use [DS88} Lemma 21, page 1234]. Pick functions 
/+ in X> max with f^(aj) = //(ft) = and /^(a,) = 0, /T(ft) = kj, i,j = 1, • • • , n. Then the 2n x 2n 
matrix (/■ («j or ft)) is a permutation of the identity matrix, so non-singular. 

The space of boundary values has dimension n + + n_ = 2n f [DS88[ Lemma21, page 1234]), so these 
boundary values span the space of all boundary values. □ 

By [DS881 Theorem 30, page 1238] the self-adjoint extensions are the restrictions of D* to the subspace 
of 2? max determined by a symmetric family of n linearly independent condition. 
Given a unitary matrix B we have to check the equations 

n 

Mf) = /(ft) - B af( a i) = °> * = !,•••,» 

form a symmetric family of linearly independent boundary conditions. 

The fact that the linear functionals Ai are boundary values follows from Lemma l3~9l To check that these 
are linearly independent pick fa g T>q with /j(ay) = &y, /(ft) = 0, i, j = 1, . . . , n. Then Ai(fj) = —Bij. So 
the matrix (Ai(fj))ij is equal to — -B, so it is not singular, therefore Ai, i = 1, . . . , n are linearly independent 
DS88, Lemma 21, page 124]. To see that the family of boundary condition is symmetric we use the following 
Lemma: 

Lemma 3.10. For f,g 6 2? ma x 

27ri«D*/ , g) - (f , D*g)) = (f(J3) , ff (/3)) c „ - (/(a) , ff (a)) c „ . 
Proof. We use integration by parts: 

2m((D*f , fl ) - (/ , D*«7)) - ]T f{x)g{x) dx + J* f(x)g'(x) dx\ 



E f f'^W dx + /(ft)s(ft) ~ f(<Xi)9(c*i) ~ t f(x)g(x) dx] = (/(ft , g((3)) cn -(f(a) , g(a)\ 



□ 
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If we have Ai(f) = Ai(g) = then f(/3) = Bf(a) and g((3) = Bg{a). Since B is unitary this implies 
that (f(a) , g(a)) c „ — (/(/?) , g(/3)) c „ and with Lemma I3J01 this implies that (D*/ , g) = (/ , D*/), so the 
family of boundary conditions is symmetric. 

Conversely, if we have a self-adjoint extension, then this is the restriction of D* to the subspace of 2? max 
determined by a symmetric family of n linearly independent boundary conditions Ai(f) = 0, i = 1, . . . , n. 

Since the space of boundary values is spanned by the evaluation functionals there exist Cij , dij € C such 
that for all / 6 2? max , 



Denote by A(f) the vector 



(Mf)\ 

Mf) 



\Mf)J 

Then = Cf(a) + Df(a). We prove that C and I? are non-singular. Suppose Cv — for some v £ C™. 
Pick / in X> max such that f(a) = v and f(/3) = 0. Then A(f) = Cv + D ■ = 0. Since the boundary 
conditions are symmetric, this implies, using Lemma 13. 101 that (f(a) , /(a)) = (/(/?) , /(/?)) so u = 0. Thus 
C is non-singular. Similarly D is non-singular. 

The boundary conditions are equivalent to f(/3) = —D~ 1 Cf(a). We prove that the matrix —D~ 1 C is 
unitary. Take Vx,V2 € C™. Pick functions f,g £ T> max with f(a) — vx, f(/3) = —D~ 1 Cvi, g(a) = V2, 
g(/3) = —D~ 1 Cv2- Then / and g satisfy the boundary conditions and, by their symmetry and Lemma l3.10[ 
we must have (f(a) , g{a)) = (f((3) , <?(/?)) which means that (vi , U2) = (— D~ 1 Cv\ , — D~ 1 Cv2)- Since 
Vi,V2 were arbitrary this means that B := —D~ 1 C is unitary. 

□ 

Proposition 3.11. Let A be a self-adjoint extension of D and let B the associated unitary boundary matrix 
as in Theorem \3.7\ Suppose there exist Ai,...,A„ in R such that the functions e\ { are in domain(yl) ; 
i = 1, . . . , n. Define the matrices 

M a = (e Aj (ai))& =1 , Mp = (e A ,(ft))^ =1 . 



(3.8) 
Then 

(3.9) BM a = M . 

The set {e\ j }" =1 is orthogonal in L 2 (Q). 

Proof. Equation (|3.9|) follows from p.5j) applied to the functions e\ j . For i 7^ j we have, with Lemma I3.10[ 

= (Be Xz (a) , Be\ j (a)) c „ - (e A< (a) , e Aj . (a)) c „ = (e Ai (^) , e Aj . (/3)) c „ - (e Ai (a) , e Aj (a)) c „ 
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= 27ri((D*e Al , e Xj ) L2{n) - (e Xi , D*e Aj ) i2(n) ) = 2vri(A i - X 3 ) (e Xi , e Xj ) i2(n) . 

□ 

Proposition 3.12. The vector space 2? max with the inner product 

(3-10) (/ , <?> graph = (/ , g) LHn) + (D/ , Dg) L2(n) , (f,g £ 2? max ) 

(called the graph inner product) is a reproducing kernel Hilbert space, so for every x £ f2, i/iere eiisi a unique 
function k x in 2? max smc/i that 

(3-11) (/>M gr aph = /(z) 

/or a?/ / € £> max . 

-Fbr i/ie endpoints we have 

. , , , , cosh27r(/3i — £) , , . . . cosh27r(i — a,) 

(3-12) k ai (t) = XJ M ■ , A T> *ft(*)=XJ«(*) — 



sinh 27r(/3j — o^) ' 1 sinh 27r(/?i — o^) ' 

where sinh and cosh are i/ie sine and cosine hyperbolic functions. 

For interior points x £ Q, if x £ Jj ; i/ien 
,_„_,. , ,, N . cosh27r(i — a,) cosh27r(/3, — i) 

(3A3) ^ (t) = ^^^ ft) sinh2,(l-4) + ^ ^2^-4 ' 

where A x , B x are the solutions of the system of equations 

(3.14) A x +B x = l, A x coth2ir(x - ay) - B x coth27r(/3j - x) = 0. 

Proof. Since D is a closed operator on 2? max , we do have a Hilbert space. We proved in Lemma [3~9l that the 
functionals / i— > /(a;) are continuous with respect to the graph-inner product. The same argument shows 
that, for any x £ fi, 2? max 5 f h-> /(.t) is a continuous linear functional. Note, that by absolute continuity 
we can extend / £ 2? max to f2 (see again the proof of Lemma I3.9[) . By Riesz' lemma, there exists a unique 
k x in 2? max such that f(x) = (/ , k x ) for all / £ X> max . 

For (|3.12[) . note that if k ai is given by this formula then: k'^.(t) — 4ir 2 k ai and k' a . (ati) = — 1, k' a . (/%) = 0. 
Then, using integration by parts we have, for / £ 2? max : 

(/. fca*>graph = (*««(*) " ^2 C (*)) * + (&) " /(<*)*<*, = 

By uniqueness this proves that the repreoducing kernel function fc ai has the formula in (|3.12l) . Similarly for 

Pi. 

For x £ J,-, note that k x {x— ) — A x coth(x — ctj), k x (x+) — B x coth(/3j — #). The second condition in 
(|3.14j) guarantees that k x is continuous at x. The function k x is C°° on (ay, a;), = 0, k' x (j3j) — and 

on (x,/3j) and A:^(a;— ) = A x , k x (x+) = —B x . In particular / £ 2? max . Then, for / £ 2? max , using integration 
by parts as before, we have: 

(/ , M graph = K\% + $ = f&Mix-) - K(x+)) = f(x)(A x + B x ) = f{x). 

□ 
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Remark 3.13. We note that the introduction of reproducing kernels in finite-order Sobolev spaces is of 
interest in mathematics of computations. As illustrated in for example TO10, S RTO] , such kernels may serve 
as spline functions in numerical interpolations. 

Proposition 3.14. Let T+, T_ be the n x n diagonal matrices with entries (7j + ) and (7") respectively. For 
a vector v — (vi, . . . ,V n ) let E(v) be the diagonal matrix with entries (vi). The bijective correspondence 
between the isometries W : C+ — > £- (written as matrices in the orthonormal bases given in Proposition 
\3.J$ and the unitary matrices B in Theorem \3.1\ is given by 

(3.15) B = (r_£(27r/3)VK + T+E{-2irp)) {T^E{2tto)W + r +J B(-27ra)) _1 . 

Proof. The domain determined by the isometry W is T>w = {/ + /+ + Wf+ : f £ X>o(f2),/+ £ £+} and 
it must coincide with the domain determined by B, which is T>b = {/ £ T> max : f(f3) = Bf(a)}. For any 
C\, . . . , Cn £ C, consider the function 

n n n 

fit) = E °at W + EE Wim^x* (*)• 

i—1 i—1 j — 1 

This is in the domain T>w =T>b- Plug in t — on and t = to obtain 

(3.16) f(a) = (T-E(2ira)W + T + E(-2na))c, f(fi) = {T^E{2ttP)W + T + E(-2tt/3))c 
and we must have Bf(a) = /(/?). 

We claim that T-E{2Tra)W + T + E(-2-ko) is invertible. We have 

T-E(2-Koi)W + Y + E{-2-Ka) = T-E(2na)(W + ^(-2vra)ri 1 r +J E;(-27ra)). 

The matrix E(-2'Ka)rz 1 T + E(-2Tra) is a diagonal matrix with entries ^- e -^ a - = e 27r (ft-^) > 1. If 
(W + ^(-2vra)ri 1 r + i;(-27ra))w = for some v ^ 0, then Wv = - J B(-27ra)ri 1 r + £;(- 2ixa)v so 

Nl = WA = II ~ E{-2ira)TZ 1 T + E{-2'Ka)v\\ > ||t>||. 

The contradiction proves the claim. 

Since this matrix is invertible, from (|3.16j) we obtain that B is given by ()3. 15[> . 

□ 

Theorem 3.15. Let A be a self-adjoint extension of the operator D| Coo ^, . Let B the unitary nx n matrix 
associated to A as in Theorem \3.1\ Consider the spectral measure P for the operator A, 

A= I tdP(t). 
Jr 

Then the spectral measure P is atomic, supported on the set 



(3.17) 



Kb ■= {A £ C : det(J - E{-2m\(i)BE{2m\a)) = 0} , 
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which is also the spectrum o~(A) of A. For A G Kb, the eigenspace P(X)L 2 (ft) is finite dimensional and 

P(X) = S^2c iXJi {t) eMXt : (I-E(-2m\p)BE(27ri\a))c = oX. 
Proof. Consider the operator 

K := {A-iI)- 1 = J -^—dP(t). 

Since the function 1 1— > is bounded we have that K is & bounded operator and it is indeed the inverse of 
A — il. We claim that K is a compact operator. Take z k G L 2 (il) with ||zfc||z,3(n) < 1 for all k € N. Let 
f k := Kz k = (A - iiy 1 z k , so f k G X> max and z k = Af k - if k = ^-f' k - f k . 

Since (z k ) is bounded in L 2 (0) and K is a bounded operator (f k ) is bounded in L 2 (fl), hence (f' k ) is also 
bounded in L 2 (f2) by some constant M > 0. 

Take two points x < y in one of the intervals Ji. We have, using the Schwarz inequality, 

rV 



(3.18) |/ fc (y) - f k (x)\ 



f' k (t)dt 



< y/y - x||/ fc || L 2 (n) < My/y - x. 



This shows that (f k ) is equicontinuous. 

We prove that f k is uniformly bounded. First, we show that (f k (oti)) is bounded. If not, passing to a 
subsequence we can assume fk(ca) converges to oo. But then, using (13. 18)) we see that f k (x) converges to 
oo uniformly on Ji and this contradicts the fact that ||/fc||L 2 (f2) is bounded. 

Thus (/fe(a^)) is bounded and, by (|3.18p . (f k (%)) is uniformly bounded. 

Then, by the Arzela-Ascoli theorem f k has a uniformly convergent subsequence, hence f n = Kz n has a 
subsequence which converges in L 2 (VL). Thus K is a compact operator. Since K — J jz^dPft) it follows 
that P is supported on a discrete subset A and -P(A) is finite dimensional for all A € A. 

Now take A € A so P(X) ^ 0. Take fx in the eigenspace P(\)L 2 (Vl). Then fx G domain(A) = V B and 
Af\ = A/a so o— = A/a. Solving the differential equation on each interval Ji we obtain that 

n 

/AW=E^j,(t)e Mi , (ten) 

i=l 

for some constants c\, . . . , c n G C, not all of them zero. 

Since /a is in the domain of A which is Vg, we must have Bfx(a) = fx(P)- But fx(c*i) = Cie 2mXa and 
fx{Pi) = c,e 27riA/3 and therefore BE(2niXa)c = E(2niX/3)c. Then (pnTj) follows, so A G A B and also the 
description of -P(A). 

Conversely, if A G A^ then there exists a non-zero vector c = (c\, . . . ,c n )* such that BE(2iriXa)c = 
E{2ni\p)c. Define the function 



/ A (t)-^ CjX ./ 1 (t)e 27riAt , (ten). 



i=l 



Then fx is in Z?b which is the domain of A, and Afx — A/a. Therefore P(X) ^ so A G A. □ 
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4. Spectral sets 

Let f2 be a bounded open subset in M. k of finite positive Lebesgue measure. Consider the commuting 
minimal operators in L 2 (fl), i.e., the differential operators defined on the dense domain C§° in L 2 (£l). For 
the extension problem in this case |Fug74| , one asks for existence of commuting selfadjoint extensions, a 
sclfadjoint extension for each of the minimal Hcrmitian minimal operators. Now such systems of commuting 
selfadjoint extensions do not always exist (see e.g., |Fug74| ), but when they do, they generate a strongly 
continuous unitary representation of the additive group acting on L 2 (SV). And vice versa, every such 
unitary representation U comes from a system of commuting selfadjoint extensions. The joint spectrum of 
these extensions is called the spectrum of U. 

We focus on dimension k = 1 . We show (Theorem 14. f p that a strongly continuous unitary representation 
U of the additive group R exists, acting by local translations on L 2 (il) (see Definition 12. f [) . if and only if 
(Q, A) is a spectral pair where A is the spectrum of the unitary representation U. 

In Corollary 14.51 we characterize the special boundary matrices B (see section 2) for which 51 is spectral, 
i.e., there is a set A such that (f2, A) is a spectral pair. We say that such a boundary matrix B is spectral. 

Theorems 14.91 and 14 . 1 31 deal with the case of spectral pairs (f2, A) when the spectrum A has a finite period. 
In Theorem 14.1 21 we write out the associated boundary matrices. 

Theorem 4.1. The set f2 = U"_ 1 (aj, / 9j) is spectral if and only if there exists a strongly continuous one 
parameter unitary group {U(t))t£R on L 2 (fl) with the property that, for all t S K and f € L 2 (il): 

(4.1) (U{t)f)(x) = f(x + t), for almost every x € Q n (fi - t). 

Proof. The necessity follows from Theorem 12.21 For the converse, suppose U(t) exists. Then, by Stone's 
Theorem |Con90[ Theorem 5.6, page 330], there exists a self-adjoint operator A such that U(t) = e 2vltA , We 
claim that A is a self-adjoint extension of D| , .. 

IO c (II) 

Lemma 4.2. If f G L 2 (Vl) is supported on Sl e = U™ =1 [ai + e, /3, — e] and \t\ < e then 

(4.2) (U{t)f){x) = f(x + t) for a.e. xett 
where f(x) := for x not in Q. 

Proof. If \t\ < e then l! f -(C (fi n (fi - t)). Therefore (U(t)f)(x) = f(x + t) for a.e. x € Cl e - t. Put 
(U(t)f)(x) =: g{x) for x e £1 \ (O e - t). Then 

ll/lli»(n) = ll^(*)/lli-(n) = / \f(x + t)\ 2 dx+ f \g(x)\ 2 dx 

Jn € -t Jn\(n e -t) 

|2 a„ - II t\\1 i ll„l|2 



\f{x)\ 2 dx + / \g(x)\ 2 dx = ||/||i 2(n) + \\g\\i 2{n) 

n e Jn\(n c -t) 

This implies that g — and (|4.2|) follows. □ 
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Assume / € C^°(ft) is supported on il e for some e > 0. Using this lemma, for |i| < e and for a.e. x € O, 
we have 

2^(f7(i)/(x) - /(x)) = 2~l(f( x + f( x )) and this converges uniformly on 17 to ^f'{x). 
Therefore 

1 -(t/(f)/ - /) converges in L 2 (il) to Df. 



2nit 

This implies, see |Con90| Theorem 5.1, page327], that / is in the domain of A and A is an extension of D. 

Now, let P be the spectral measure of A as in Theorem 13. 151 A = J tdP(t) and let B the unitary matrix 
associated to A as in Theorem 13. 71 For A in the spectrum Kb of A, we will prove that the space P(A)L 2 (0) 
is one-dimensional. 

Take an eigenfunction fx which, by Theorem 13.151 has to be of the form 

n 

/A(*) = £>;u(i)e wt , (*efi). 

i=l 

Since [7(t) = e 27ritA = / e 2lxltx dP(x) we have ?7(t)/ A = e 2nitx f X - On the other hand (U(t)f x )(x) = 
fx{x + t) for a.e. x in f2 n (f2 — t). Then we have for such points x: 



£ c iXJi (x + t)e^+V = e 2 ^ 4 ^ c lXJi (a) 



Now fix j =^ fc , j,k £ {1, . . . , n} and pick i such that J; n (J& — i) has positive Lebesgue measure. Then pick 
an x G Ji n (Jft — t) such that the previous equation holds. We obtain Ck — Cj. Thus all the constants Cj are 
the same Cj = c and so / A (t) = ce 27 " At . Thus the eigenspace P(A)L 2 (f2) is one-dimensional and is spanned 
by the function ex- 

Since the eigenspaces P(A)L 2 (f2), A <G A^ span the entire space L 2 (0) it follows that {ex : A € Ab} is an 
orthogonal basis for L 2 (fl) and therefore f2 is a spectral set. 

□ 

Definition 4.3. Let 1 be the constant vector 1 = (1, 1, . . . , 1) in C™. A unitary n x n matrix B is called 
spectral for SI if for every A S C one has 

(4.3) ker(J - E{-2ni\(i)BE{2m\a)) = {0} or CI. 

Theorem 4.4. There is a one-to-one correspondence between the following objects: 

(i) Spectra A for the set O. 

(ii) Unitary groups of local translations U(t) for Jl. 

(iii) Self-adjoint extensions A of the differential operator D| c , 00 (f2) with the property that all the eigen- 
vectors of A are of the form cex, c G C, A € c(A). 

(iv) Spectral unitary matrices B for Q. 
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The correspondence from (i) to (ii) is given by U(t) = U\(t). The correspondence between (ii) and (Hi) is 
given by U{t) = e 27rltj4 . The correspondence from (Hi) to (i) is given by A = o-{A). The correspondence from 
(Hi) to (iv) is given by Theorem \3.7\ 



Proof. For the correspondence (i)-r->-(ii), we saw in the proof of Theorem 14.11 that the maps are well defined. 
We just have to show that the maps are inverse to each other. 

Let A be a spectrum for f2, let UA(t) be the correspponding group of local translations and let A be 
its infinitesimal generator given by Stone's theorem. We have to check that a(A) = A. But we have 
U A (t)e x = e 2 ^ xt e x so 

- L (U\(t)ex - e x ) = — — - — e A -> Ae A 



2nit 2nit 
uniformly and in L 2 (S1). Therefore e\ is in the domain of A and Ae\ — \e\. Since {eA : A G A} is an 

orthogonal basis, A is diagonal in this basis and therefore cr(A) = A. 

Now take a group of local translations U(t), let A be its infinitesimal generator and let A := cr{A). 
From the proof of Theorem 14.11 we see that A is a spectrum for £1 and we have to show that the group of 
local translations U\ is U. But we have Ae\ — Xe\ so U(t)e\ = e 2mt e\. Also U^(t)e\ — e 27rlXt e\. Since 
{eA : A G A} is an orthogonal basis, we obtain that U\(t) — U(t). 

The correspondence (ii)o(iii) is given by Stone's theorem and the proof of Theorem 14.11 If U(t) is a 



group of local translations then we saw that the eigenfunctions of A which are described in Theorem 13.151 
must have all the coefficients Ci equal, so they are of the form ce\ with c G C. 

Conversely, if all the eigenfunctions are of this form, then {eA : A G °~{A)} is an orthogonal basis for 
Z/ 2 (fi), by Theorem [3. 151 and we have U(t)e x = e 27riXt e\ for A G a (A) and t G R. Then, looking again at the 
proof of Theorem 14. 1| we see that U(t) is a group of local translations. 

Finally, we check that the correspondence between self-adjoint extensions of D and unitary matrices B 
given in Theorem 13.71 maps (iii) to (iv) and vice versa. 

Let A be a self-adjoint extension as in (iii) and let B be the unitary matrix associated to A as in Theorem 
I3~7l Let A G C. If det(7 - E(-2iti\p)BE{2m\ot)) ^ then ker(7 - E{-2iri\p)BE{2iri\a)) = {0}. If 
dct(7 — E{— 2Tri\f3) B E (2iri\a)) ^ then take a vector c in this kernel and the function 

n 

t=i 

is in the eigenspace -P(A), by Theorem 13.151 Then, by hypothesis, all the components Ci have to be equal. 
So ker(7 - E{-2ni\(i)BE{2Tii\a)) = CI. So B is spectral for fl. 

Conversely, let B be a spectral unitary matrix for f2 and let A be the self-adjoint extension of D associated 
to B as in Theorem 13.71 By Theorem 13.151 all eigenfunctions are of the form 

n 

^A(*) = £ciXJi(t)e A (t), 

i=l 

with c in ker(7 — E(—2iri\(3)BE(2TriAa)). Since B is spectral c = 7I for some 7 G C, so ip\ = ^e\. So A 
has the properties in (iii). 
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□ 

Corollary 4.5. For X 6 R define the diagonal nxn matrices D a (X) with diagonal entries e 27VlXai , i — 1, . . . ,n 
and Dp{\) with diagonal entries e 27riA ' 3i 7 i = 1, . . . ,n. The set il is spectral if and only if there exists a spectral 
unitary matrix B for Q. Moreover, any spectrum for Q is given by 

(4.4) A B := {A e C : det(J - D^X)* BD a (X)) = 0} = {A e R : Be A (a) = e A (ft)} , 
/or a unique spectral unitary matrix B for Q. 

Proposition 4.6. Let A be a spectrum for fi and let B be the corresponding spectral unitary matrix. Let 
to G R. Then the spectral unitary matrix for A — to is D @{to)* B D a (to) ■ 

Proof. We have, for all A e R, 

/ - Dp(\)*Dp{t yBD a {tv)D a {\) = I - D p {\ + t Q )*BD a (X + to). 

Therefore 

^D l3 (t )'BD a (t Q ) = A S - t Q . 

Since the correspondence between A and B is bijective, the result follows. 

□ 

Proposition 4.7. Let A be a spectrum for 17 and let B be the corresponding spectral unitary matrix. Then 
p is a period for A if and only if 

(4.5) BD a (p) = D f3 (p)B. 

Proof. The number p is a period for A iff A — p = A. The rest follows from Proposition 14.61 □ 

Definition 4.8. For {0}. Define the equivalence relation = p on R by t = p s iff p(t — s) G Z. 

Theorem 4.9. Assume Q is spectral with spectrum A of period p. Assume in addition that € A. Let B be 
the spectral unitary matrix associated to A. Then there exists a permutation a of the set {l,...,n} with the 
property that Pi = p ctWj) for all i = 1, . . . , n. XTie matrix B has the following properties 

(i) hj = if 'ay ^ p ft. 

(ii) £j: aj = P A 6 y = 1 /or a/J * = 1, . . . , n. 
( ffi ) £ 4 :ftEE p a 3 6 y = 1 /° r o// J = 1, . . . , n. 

(iv) For ewer?/ A £ A, Ey : «-= ft e- 27ri ( ft - Q ^ A o 4J = 1 for all i = 1, . . . , n. 

(v) For every X e A, E 4 :ft= pQ3 e" 27 "^ ^^- = 1 for all j = 1, . . . , n. 

(vi) There is no proper subset L of {1, . . . , n}, L ^ ®, L =/= {1, ...,n} with the property that for all 
i€ I,j £1, ft ^ p ay. 
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Proof. Since we have A = A + p it follows from Proposition 14.71 that Dp(p)* BD a (p) = B. This can 
be rewritten as BD a (p)B* — Dp(p). But, since B is unitary, this means that the eigenvalues of D a (p) 
and Dp(p) are the same, with the same multiplicity so there is a permutation a of {l,...,n} such that 

e 2™ P ft = e 2™ ptMl) which means that fa a ^ _ 

Since we have BD a (p) = Dp(p)B, this means that bije 27Tlpaj = e 2 '" lpl3i bij for all i,j = 1, .. . ,n. Therefore, 
if aj ^ p Pi then bij — 0. This proves (i). 

(iv) follows from the fact that B has to be spectral, so for A € A, the constant vector 1 is an eigenvector 
with eigenvalue 1 for D ^(A)* B D Q (A) . Then the same has to be true for the adjoint of this unitary matrix 
and this implies (v). (ii) and (iii) are particular cases of (iv) and (v) for A = 0. 

For (vi) assume there exists such a proper set /. The matrix (bij)ij<zi is unitary. Indeed, we have for 
i, i' 6 I, using (i): 

n 

fin' — bijbi'j = bijbi'j. 
Then, since the matrix B is unitary we have, for j G /: 

n 

^IM 2 = i = ]T|M 2 . 

i=l iel 

This implies that bij = for i $ I, j € I. 

Consider now the vector = for i ^ 7, a» = 1 for i € I. Then 

" ^ J if 4 0/ 

Thus the vector (ai, . . . , a n ) is an eigenvector of eigenvalue 1 for B. But this contradicts the fact that B 
is spectral so 1 is the only such eigenvector. □ 

Corollary 4.10. Suppose Q — U" =1 (on, Pi) has a spectrum with period p. Then there exist some numbers 
ki € iZ, i = l,...,n suc/i </iai fi' := U^L-Ja^ — fci,ft — fcj) is a disjoint union and f2' is a disjoint union of 
intervals with lengths in ^Z. 

Proof. By translating, we can assume the spectrum contains 0. Then, by Theorem 14.91 there exists a 
permutation er such that Pi = p a a u\, i = 1, . . . ,n. Take the interval [oi\,fii) and define fci := 0. We have 
Pi = a a (\) . If cr(l) = 1 we stop. If not, we have fc CT (x) := a <T(i) _ ft £ ^Z and note that the intervals [a%, Pi) 
and [a^i) — ka(i), P<t{\) ~ ^o-(i)) have a common endpoint. By induction suppose we defined fc CT i(i) € ^Z 
for i = 0, . . . ,1 such that the intervals [o: cr i(i),/3 cr i(i)) — are disjoint and two consecutive ones have a 

common endpoint and cr l (l) 7^ 1. If cr' +1 (l) = <7 4 (1) for some i < I then cr' +1_4 (l) = 1 and, by the induction 
hypothesis, this is possible only when i = 0. In this case we stop and we closed a cycle for 1. If this is not the 
case then we have k a i+i^ := a a i+\^ — P a l (\) + fc<r ! (i) <= jZ. Therefore the intervals [av(i)j /3<r ! (i)) — 
and [<3! a -!+i(i),y(3 -(+i(i)) — have a common endpoint. 
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When we close a cycle, say after I steps, we compute the length of the interval formed with the union of 
[(Vi(i)j P<yi(i)) — fco-^i)) i = 1, • ■ • , This is congruent in |Z to 

Pi — oti + P a (i) — oi, a (i) + ■ ■ ■ + Pa'(i) ~ £V(i) =p Pi — av(i) = — av(i) =p 0. 

Hence the length of this interval is in |Z. 

If this cycle 1, <r(l), . . . , tr'(l) covers the entire set {1, . . . , n) we are done. If not, pick a point outside the 
cycle and repeat the same procedure; the first interval can be translated far enough by an element in ^Z to 
ensure the resulting interval is disjoint from the one constructed for the previous cycles. 

□ 

Proposition 4.11. Let A be a spectrum for f2 and let B be the associated spectral matrix. For t := 
(ti, . . . , t n ) G W 1 , define the matrices 

(4.6) M a t := -L (c 2 ™'^)" . Mp t := — L= (e 2 ™^)" - . . 



TTien /or any vector A = (Ai, . . . , A„) in A", £/ie matrix M a ^\ is non- singular /unitary if and only of Mp t \ is 
non- singular /unitary and in this case 

(4.7) B = M^ x M-\. 

Proof. Using Theorem 14.91 for Ai, . . . , A„, we obtain for i, k = 1, . . . , k: 

n 
3=1 

This means that BM a \ = M/3,\. Since B is unitary, the equivalence follows and also (|4.7p □ 

Theorem 4.12. We use the same notation as in Proposition \4-li\ The set f2 is spectral if and only if there 
exist points in R, A = (Ai, . . . , A„) such that M Qj a is non-singular and the matrix 

(4-8) B = Mp,xM-\ 

is a spectral unitary matrix for Q. 



Proof. The reverse implication follows from Corollary 14.51 For the direct implication, let A be a spectrum 
for O. Let A be the associated self-adjoint extension of D and let B be the corresponding spectral unitary 
matrix, see Theorem 14.41 By Proposition 14. 1 II it is enough to show that there exists A = (Ai, . . . , A n ) with 
A; 6 A such that the matrix M a< \ is non-singular. 

Take an arbitrary / in the domain of A. Since {eA : A G A} is an orthogonal basis, there exist c\ G C 
such that c\e\ = f with convergence in L 2 (fl). Then, using the spectral decomposition of A (Theorem 
I3.15|) . we have that / = J2\^o X eA + c o e o, where Co = if is not in A and Co = pr (/ , e ) if G A. This 
shows that X^a^o ^x ex c ° e ° converges to / in the graph inner product. Then with Lemma l3.9l we see that 
Sa^o c A e A(oO + coeo(a) converges in C™ to f(a). Since / was arbitrary in the domain of A, we get that the 
vectors (ca(q!))aga span C". So we can pick Ai, . . . , A„ such that the vectors e\ 1 (a), • ■ • , &\ n (a) are linearly 
independent. This implies that the matrix M a> x is non-singular. 
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□ 

Theorem 4.13. Assume that Q is spectral with spectrum A that contains and has period p. Suppose there 
exists an i G {1, . . . , n} such that there exists a unique j G {1, . . . , n} with ft = p ctj . Then 

(i) The spectrum A is contained in p._ a Z. 

(ii) The translate of the interval Jj , Jj = Jj+ft — ay = (ft, (3j + Pi — ctj), which has a common endpoint 
with the interval Ji, is disjoint from all Jk with k ^= i,j. 

(iii) The set f2' :— Jj Uk^j Jk is spectral with the same spectrum A. 

(iv) The statements analogous to (ii) and (iii) also hold when one replaces the interval Ji by J[ = 

Ji + Ctj — ft = (di + Ctj - ft, Ctj). 



Proof. By Theorem I4.9f i) we have that 6j& = for all k ^ j and by Theorem I4.9f ii - ) we get that bij = 1. 
Then, by Theorem I4.9f iv). we get that for any Ae Awe must have e - 27 ™(A-«j) A — l so (ft — <x/)A G Z. 
This proves (i). Also, it shows that, for A € A, e\(t ± (ft — ctj)) — e\(t), t G R. 

Consider now the function h := (xj'. + J2k^j XJh)- We will show that the measure h(t) dt is a spectral 
measure with spectrum A. Note first that \i is a probability measure. For / G L 2 (fi), A G A, define the 
function on O, *(/)(t) = f(t) if t G U k ^jJk and *(/)(*) = /(t+ft-a^) if t G J,-. Note that *(e A ) = e A | n - 
Also, ^ is an isometry from L 2 (/i) onto L 2 (£l), up to the normalization constant Therefore {e\ : A G A} 
is a spectrum for L 2 (/j,). But then this means that h is constant on its support (see [DL121 lLaillj ). So Jj is 
disjoint from Jk for k ^ j and f2' is spectral. 

(iv) follows in the same way. 

□ 



Theorem 4.14. Let p G N and let Q = Uf^ 1 ( 2i , <*i+I ) ; w ^ = i ; ^ £ Z for all i = 0, . . . ,p - 1, 
= Qi < a2 < • • • < ct p . Assume that f2 has spectrum A wii/i period p (see Provosition \2.5\) , A = {Aq = 
0, Ai, . . . , A p _i} + pZ. Let U be the associated group of local translations and B the spectral unitary matrix 
associated to A as in Theorem \3.1\ Then 



(4.9) B = M a D{X)M* a where M a 



p-i 

i,3=0 



, D(X) = 



e P 







e p p 



for x G R, Zei a(a;) be the unique integer such that [x] p :— x — G [0, i). T/ien /or / G L 2 (£l), t G K, 



(4.10) 



\(U(t)f)(x + ^)J 



, (xg(0,-)) 



Proof. Equation (|4.9I) follows from Proposition 14. Ill 
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We use Theorem 12. 121 For x € (0, ~) the sets fl x are all equal to {ckq, . . . , a p _i}. Also ki(x) — a, — a(x), 



cc G K, i = 0, . . . ,p — 1. Therefore 

I J 1 / 27T'i 

■M x = —=[e 

Then, for x e [0, ~), o(x) = and 
/ (U(t)f)(x + f) \ 



— — A M =M a D(A) - °W. 

/ i,j=0 



(Wtf(f)/)(a;) = (Z/ p (t)W/)(a:) = M x M* x+t (Wf)(x + t) 



\(U(t)f)(x + ^)J 



M a D(X) a(x+t) Ml 



This is P~T0]> . 



□ 



5. TWO INTERVALS 

Theorem 5.1. Let £1 be a union of two intervals, |0| = 1, = (0, to) U (iu + p, 1 + p), < w < 1, /? > 0. 
Then Q is spectral if and only if one the following two conditions holds: 

(i) p is an integer andw ^ i. In this case the only spectrum that contains is A = Z, f2 is Z-translation 
congruent to (0,1) and it tiles R by Z. TTie spectral unitary matrix B associated to A as m Theorem 



B 



'o r 



For i£l denote by a;modf2 the unigue point in Q such that x — xmodf2 € Z. XTien i/ie group 
of local translations U\ is 

(5.1) (U A (t)f(x) = f{{x + t) mod n), (ie!],/ei 2 (!l)). 

(ii) w=i. w + p= | e ^Z, 1 + p = =4ji. In i/us case, any spectrum that contains is o/ i/ie /orm 

(5.2) 

/or some fee {0, ...,/ — 1}. 



A = {0, —J—} + 2Z, 



The associated spectral unitary matrix is 



S = 1-6 l+« 
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Let a(x) be the unique integer such that x G [^f^, a ^ +1 ) ; x € M and let [x]a = a; — G [0, ^). TTie 
group of local translations is 

(5.3) (^a(*)/)(x) = /([* + £] 2 ) + + t]a + _) i/ a- e [ , -) 

(5.4) (C/ A (<)/)(x + -) = ^ /([x + £] 2 ) + /([x + t] 2 + -) i/ x G [0, -). 

In a shorter form 

Proof. Let A be a spectrum for fi, that contains 0. Then A has some period p in N, A = {Ao = 0, . . . , A p _i} + 
pX, with Ao, . . . , A p _i distinct in [0,p). 

Suppose first that ^ p w. Then, by Theorem 14. 9[ = p 1 + p and the matrix B has to be of the form 

■-(::)■ 



A = I A G R : ( ° 1 ) ( / \ = ( | 1 = {A : e 2 ^ w+ ^ x = e 2 ™"\ 1 = e 2m ^ x } 

= {A : pA, (1 + p)X G Z} = {A : A, pX G Z}. 

But this implies that Ao, . . . , A p _i are in Zn [0,p) and, since they are all distinct, they must be 0, ... ,p — 1. 
So A = Z. Since lG Awe get that p G Z. Then we see that a translation of (w + p, 1 + p) by the integer — p 
will transform f2 into (0, 1) so f2 is Z-translation congruent to (0, 1) and also it tiles R by Z. 

Now assume = p w. By Theorem l4.9f vi) . we cannot have ^ p 1+p. Therefore, in this case w, w+p, 1+p G 



By Corollary 14. 5 [ we have 



±Z. 

p 



Let 



w=^,w + p= ^ and p + 1 = 2±r with a, p, r G N, < fc < p, a > k, r > 0, k + r = p. 



Since 17 is a union of p intervals of the form (-, ^-^-), it p-tiles R by iZ-translations. The sets Q x , x € (0, -) 
defined in Theorem 12. 12[ are 

f2 x = {0, 1, . . . , k - 1} U {a, a + 1, . . . , a + r - 1} =: S, 

and they have spectrum |{Ao, . . . , A p _i}. 

By |DJ12bl Theorem 1.5], there exists a Hilbert space T-L 1 a vector vo G H and a strongly continuous 
one-parameter group (J7(£))teR such that {t/(£)i>o : £ G S} is an orthonormal basis for %. 

From |DJ12b| Theorem 1.5, Remark 2.1], we see that U (£) is the multiplication operator by the function 
e t on the discrete L 2 -space of the spectrum -{Ao, . . . , A p _i}. So the spectrum of [/(£) is 

r 2-nit — A, ■ n 11 
{e P 1 : I = 0, . . . ,p — 1}. 
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We will use the following notation: U(i)vo —: Vi, for i £ S; we denote by . . . ,i q } the linear span of 
the vectors {vi ± , . . . ,Vi }. We write 

. . . , i q } — > {ji, . . . , j s } if U (t) maps the first subspace into the second. 

Since {0, . . . , fc — 2} U {a, . . . , a + r — 2} A {1, . . . , fc — 1} U {a + 1, . . . , a + r — 1}, taking orthocomplements 
we must have {fc — 1, a + r — 1} — > {0, a}. 
We distinguish several cases: 
Case 1. r < k. 

We have r °— >• a + r — 1 A {0, a} so r A {0, a}. But, A a and therefore r A 0. Then a + r — 1 1 — > a r-^O 
so a + r — 1 A 0. Finally, taking complements we must have fc — 1 A a. 

Therefore the unitary U (1) permutes cyclically the subspaces 0, 1, . . . , fc — 1, a, a+ 1, . . . , a + r — 1 moving 
each one to the next in line and the last one to 0. Note also that for all except fc — 1 and a + r — 1 we have 
U(V)Vi = v l+1 and U(l)vk-i = av a , U(l)v a+r -i = f3v for some \a\ = |/3| = 1. 

Then U(p) — a/31. But since 1 is in the spectrum of U(l), we get that a/3 — 1. From this we see also that 
j — > j iff i is divisible by p, for any j. But we have fc — 1 a A +1 a and fc — lAasofc — 1° H> +1 a — > fc — 1, 
therefore a — fc is divisible by p, say a — fc = pi for some / e Z. Note that this implies that p — = I 
is an integer and therefore we are in the case (i), il is Z-translation congruent to (0,1) and tiles R by 
Z-translations. 

Then we have 

v a = U(a — k+ l)vk-i — U(lp + k - k + l)vk-i = U(l)vk-\ = av a . 

This implies that a = 1 so /3 = 1. 

Since U(p) = 1 it follows that its spectrum is 

{l} = {e 2 ^ :i = 0,...,p-l}. 

So Xi are all in Z n [0,p). Since they are distinct, we get that they cover 0, ... ,p — 1 and so A = Z. 

Let us compute the matrix B in this case. We use Proposition 14.111 We take Ao = and Ai = 1. We 
have that the matrix 

'i i Wi i \ 



is non-singular (0 < w < 1). Therefore 

/ 1 e 27r ™ \ 1 (e 27Tlw -l\ /0 l\ 

B = M ^ - (i e-a + p) j [-1 i J = (i oj 

Case 2. fc < r. 

This can be treated similarly to Case 1. The role of the two intervals is reversed and we get the results 
in (i). 

Case 3. k = r. 
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In tis case we get that p = 2k so w = |. Then, as in the previous cases we get that {k— 1, a+k— 1} A {0, a}. 
Therefore U(l) permutes cyclically the subspaces {i, a + i} i = 0, . . . , k — 1 and if , for some i = 0, . . . , k — 1, 
U(j)vi is in {i, a + 1} then j is a multiple of k. But since U(a)vo — v a , this implies that a is a multiple of k, 
a = kl for some I £ Z. Then K7=27 w + P = p — 5- 

Since all endpoints are in ^Z it follows by Proposition 12.51 that any spectrum has period 2. So we can 
take p = 2. Then the sets Vt x for [0, ^) are all 

n* = {o,i}. 

We have that ^{0, Ai} is a spectrum for £l x so 1 + e 27Tl ^ Xl ' 1 — which is equivalent to Ai • / is an odd 
integer, Ai = 2fc ; +1 . Therefore any spectrum for f2 is of the form (|5.2[) . Since A has period 2, we can also 
replace , +1 by , +1 — 2a to get the same set A and therefore we can pick < k < I. 

Conversely, any set of this form is a spectrum, by Theorem 12.121 

To find the unitary spectral matrix B we use Proposition ^. Ill Take Ao = 0, Ai = 2fc ; +1 . Then 

fl 1 \ (l 1 \ (l e 2 ™ 

M "=[l e^K) = [l M/3= (l e 2 ^ 

Then 

s = MpM- 1 = r ^ 

To determine the group of local translations, we use Theorem l2.12[ In case (i), the spectrum is Z and the 
period is 1. The matrices M x are M x = 1. Therefore (Ui(t)F)(x) = F(x + 1), x,t G R, F € L 2 ([0, 1),C 2 ). 
The isomorphism W : L 2 (Q) -> L 2 ([0, 1), C 2 ) is (W7)(x) = /(imodll). Then (j2~T51) implies (jSTTI) . 

For case (ii), we have that the period p = 2, fc (x) = — a(x), = — a(a;) + ^, Ao = 0, Ai = 

i /I ' — ; 

Then 







M x M* x+t 



_|_ £a(a;-K) — a(x) ^ £a(:c-M) — a(:r) 

^ £a(:r-fi) — a(rc) ^ _j_ ^a{x-\-i) — a{x) 

For x G [0,|), a[x) = and for F e L 2 ([0, |), C 2 ), 

(U 2 (t)Wf)(x) = M x M* x+t (Wf)(x + t) = -< >' 7 1 




/(N + t] 2 + |) 



But, by (12.16[) . this has to equal 

(WU(t)f)(x) = 

This implies (pO)) . (JOJ). 



( f /( i )/)( a; + I) 
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By induction, one can check that 



and this implies (|5.5[) 




□ 
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